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The zeros of Riemann's Zeta-Function on the critical line.
By
G. H. Hardy and J. E. Littlewood.

1. Introduction.

1. We denote by N,(T) the number of zeros of {(s)= ¢(a + 2t)
for which . -
=13 O0<it<T.
In & recent memoir in the Acta Mathematica') we proved that the
order of magnitude of N,(T) is not much less than Ti. More precisely,
we proved that to every >0 corresponds a T, == Ty (¢) such that

N (T)> Tt T >1T,).
Here we go a good deal further. In §2 we prove
Theorem A. There is a K >0 and a T, such that
(1.1) N,(T)> KT (T >1T,).
The order of magnitude of N, (T') lies therefore between T and T log 7'.
In §§ 3—5 we prove, by rather more difficult analysis, a more precise
result, viz.
Theorem B. Let U=T% where ‘a>3 Then there is a
K=K(a)>0 and a To="T,(a) such that
(1.2) N, (T+U)—N,(T)> KU (T > T,).
" Some of the lemmas on which our argument depends have an interest
independent of the particular application made of them here. We have

therefore sometimes developed them further than is absolutely necessary
for our immediate purpose.

1) ¢. H. Hardy and J. E. Littlewood, Contributions to the theory of the
Riemann Zeta-Punction and the theory of the distribution of primes, Acta Mathe-
matica, 41 (1917), 119—196 (177-184).
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2. Proof that No(T) > KT.
2.1. Lemma 1%). If 6>0, s1, >0, then

(2.11)  Z(s) —%——x—~ —Zn $=2(2n) §- IZn’ 1f “scosudu, ’

1—s

<z =1 2nnz 5
or ;
1
(2.111) L(s)+ ~——s~ (waw—[x>x8 ;n‘s +
= F i
= 23(27:)”‘12/ n—1 fu““‘ sinudu.
n=1 2nnz
Suppose first that ¢ > 1; and let
y(v)=3—v+[v], X=[a]
Then
joed 1—8 o0
(2.12) sfv“"W:(v)dv: j}ix—*- f"f—_—Tv{—sJ‘v“’“l [v]dv
‘ s . i A
=gr = T L X (e — (X +1)7) + Y n(nr— (n4+1)7).

n=X+1
Also 14
(2.18) Z(s) —Zn—‘ =-=2n"= —X(X—f—l)"“—f—zwn('n“g — (n+1)"%). ;
nl% n=X+1 n=X+1 X

From (2.12) and (2. 13) it follows that

®o

(2.14) ((s n“m——x‘*w(x)—}—sfv"‘lw(v)dv ~
21<g . b
Now n
.
1 x7sin 2
(2 15) '(‘u(nv'):;”:I SI_EA;{&@’

-except when v is an integer, when the sum of the series is 0. The tri-
gonometrical series is boundedly convergent throughout. any interval of

values of v, and f [v=#-1|dv is convergent. Hence s) we may multzply

#) The dash over the sign of summation indicates that, 1f @.is an mteger the
last term z~¢ is to be replaced by }z™%. ¢ v

The lemma may be proved in various ways. The method foIIowetI here vras
suggested to us by Dr. H. Cramér of Stockholm, and is materially slmpIezr than that
which we had adopted originally.

%) See, for example, W. H. Young, The application of éxpansions to definite

integrals, Proc. London Math. Soc. (2), 9 (1919), 463—485 (468).
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' 15) by sv~*-! and integrate term by term over the interval (z, o).
Thus ’
) = o
va_s_1 y(v)do == ;L Z nlfv—s—l sin 2nxodv
b n=1 z
© 0
—2s(22) ' Y ns—lfu—"l sinudu,

n=1 enax

1—~s
(2.16) te)+T =Y iy (o)
n<t
+28(27)" IZn““ fu“‘* sinudu,

n=1 2nxz

which is equivalent to (2.111). This equation is so far proved only
when o >1. But

o
ni-1 fu"'—isinudu= n-1(2 nnx) " cos 2nnz — (8+1)m=—y fu""gcos udu
2anxz 8nns

— 0(n~%) +ns-1 [ O (u="2)du = O (n-?),
2nngx

provided only o >> —1, and the series in (2.16) is uniformly convergent
for 6 > —1-4-6 > —1 and any finite range of ¢. Hence (2.16) is valid
for 6 > —1. Also
2s(2 n)'"lns‘lfu‘s"lsinudu::?5~iﬂgaﬁﬂ+2(2n)‘—1n"“1fu"8cosudu
2nn PR R

if 0> 0. Substituting in (2.16), we obtain (2.11).

The equation (2.111) holds for the wider region o> —1. If we
suppose — 1< 0 < 0, and make z tend to zero, we obtain the classical
functional equation. The equations are easily modified so as to yield

representations for [ (s) valid over an arbitrary half-plane.
2.2. Lemma 2. Suppose that 6 20,>0, |§—1|=86>0, and

e-21) e <222,
where C >1, Then .
-8
(2.22) t(8)=2 n"t — ==+ 0(a~")
nlz

We use the result of Lemma 1 in the form (2.111). It is plainly

" ‘sufficient to prove that

@©

2nnz
Mathematische Zeitschrift. X. 19
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We have
2¢1, = ffu, s~leiugy — J wte du=j, +4,,
2nx 2nazx
say. Also
fu—-s 1 ezudu — fu—a lez(u tlogu)du — fu——o—-l etwdu
2nz 2naz 2nnx

where w=u —tlogu. Now

dw_q_ ¢ D R s >1—

du Inmx = 0

and increases steadily as u increases from 2nnz to infinity. Hence

We

R(j,) = fu‘"‘l gos w—gﬂ = O(nx)*""‘fcos wdw= O(nav)""1 .

u=2nnz U w,

The same argument may be applied to the imaginary part of 5, and to
both components of 5, *). Hence

I,=0(na)"",
and the series (2.23) takes the form
0(1#] X ne=10 (n2)™"™%) = 0 (a=~1|1]) = O (=),

Lemma 3. There is a constant 4 such that

7(8)=(1—2""*)¢(s) =§ (— )™ =0 40 (z)
uniformly for 6 20,>0, |t < Az,

For

2 (=1)" = Y= — 2770 3 pme g 0(2)
nla 2z ng_é-w .

=(1-2"") ¢ () 42 — 2t ‘(*“ L~ 10 x—o)=n(s)+0§x-°)

by Lemma 2, if 4 is sufficiently small. The restriction that {s ~1/=2é6>0
may obviously be omitted here. '

Lemma 4. There is a constant A such that.
bl (—1)r=1p=s (—1)m~1p~e Y
0(s) =2 om— =2 g — + 0 (@)
n=2 b ném . *

uniformly for 6 >0,>0, |t| < dx.

) The argument with j/ is simpler, as 1 +—— oceurs instead of 1— %, and the
inequality (2 21) is not required.

e
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For, if [z] = X,

fw(-l)"“n‘s >°—°, 1 yv -1 s
S S () S
w1 logn Tt logn  log(n+1) X+1

= ﬁo 1 o) O (g7
nz‘;/-&—l <7l(10gn)2)0(x ) (x )3
by Lemma 3.
2.3. Lemma 5. If 1l<m <Ly, 1<n <, m=n, then
: R 1
(2.31) ..\./ L Tm T O(ulogu).
Vmn 3log e ‘
We write

2= +2+ 2 = 2+2+2

m<in i—n<m£4}n $n<m
a 3
5-0l 8 ) =o( S i otw

and so for‘}_;;‘ InZWe have m~—n+r where |r| < in, and

1
,W.__:O(JL),
}lo " |7
tlog

say. Then

Hence

2 (22 = ) (‘Z:Z'—): (mlog u).

el 7ol \/'n(n—l—r) r

This lemma is frequently useful. But what we shall requir
mediately is a slightly different result, viz:

Lemma 6. If 2<mZu, 250 u, m=n, then

=3

(2.52) Y0

Vma logmlogn log-ﬁ—!

Dividing up the summation as in Lemma 87 we obtain

3 -0(S ) - olks)

d a=2 Vnlogn (log )
an . . M
2oy &) —ole):

2.4. Lemma 7. If

1H"* 31—
(2.41) (1) = E;’( Iog)n t-it
19%

e im-




E

288 G. H. Hardy and J. E. Littlewood.
then
2
(2.42) [1(t+u)*dt=0(T)
7

unsformly for 0 Lu < T.
This is the proposition we shall actually use. It is plainly sufficient
to prove it when u = 0; and in this form it is an immediate corollary of

Lemmsa 8. If
( l)ﬂ 1
(2.43) ”Z_; logn
then
T «©
) o 1( —
(2.44) IT Tlx 2+” Z.Zn(logn)"'

By Lemma 4, we have

(248)  (qu)= Y ERZatipo@h—o+0(r7),
n AT

say; and 8o

T r T
(2.46) flx(%+it)|“dt=f|@i?dz+ O(T"%f}mdt) +0(1)
Y L =7

=f|@|2dt-|— 0(f1@|"dt)*+ o(1).
-7 . -7

Now .
- +n d ¢
<2'47) J;@i dt_2,—’;<‘4,_,, (logn)2+2\/mn]ogmlogn T(”)

=27 >} —— (2 — 1 mI),

n< AT (10 n)? \/—mnlogmlognllog—«

where the double summations are defined as in Lemma 6, Wlth n= A T.
From (2.32), (2.47), and (2.46) it follows that i

' 1
f|x 1yit)| dt~fL@| dt~2T”=2n(logn)

9.5 Lemma9. If 0 <k <1, the real paris®) of a and b lie between

5) We are concerned with the case in which @ and b are pure imaginaries, For
the definition of H,' (), see Nielsen, Handbuch der Theorie der O'ylmderfmzktwnen,

p. 17.
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—k and 1 —k, the real part of y is positive, and y~25 has s pmnczpal
value, then

k+io

(281) oh [ Feta) Tl 0)y 2 ds— ingmretminy 2iy),
k—ix

where

(2.511) v-—-a-—b

and H (x) is Hankel’s cylinder-function.

We find, in fac't, by a straightforward caleulation of which it is
hardly necessary to give the details, that the value of the integral is

. xystd }a—b)as l:‘D—(:‘1)”(723/\2”"‘”“" ~ ba—byai (— l)n(“/)zm-a -b
sin(a-—b)a:(e 2—/‘:72!’1‘(1-(1+b+n). ¢ var(wa bn)

a+b v — vy
=._-:rg—;—; et °( ', (2zy)—-J_v(2zy))
—iny* M H (21y).
This proof supposes that @ <= 5. The result may be at once extended
to cover this case by a passage to the limit.

Lemma 10. If k> 1}, and the other conditions of Lemma 9 are
satisfied, then
k+ioo

(2. 52) §—jz——ifI"(s—}-a)f’(s—l—b)/;'(2.9+2a)4”(28+2b)y'“ds
k—1®
=ine%miya+b26,,ﬂf(2iny),
=1
where "
Cn=n""%034-p(N) =n""0z,(0) =n"0_3,(n),
and o,(n) denotes the sum of the r-th powers of the divisors of n.
We have

(2.83) £(26+2a)(25+2b) = _fL (6>1),
where N
(2.531) 4, -24-“( ) = 1% gy, (n) = n-s-bg, .

din

If now: we write ny for ¥ in (2 51), multiply by d,, and sum, we
obtain: (2. 52). -

2. 6. Suppose fshat 8=1-414t, and write

/ 8tz (t) <oqttiteg — kit
P(%s)f(s) ;:3._1()) nnJH-t’ () _gntytymdm, X (1),
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8o that X (¢) is real for real t. Supposing ¢ positive, and approximating
to the Gamma-function by Stirling’s Theorem, we obtain

26 2= (2 e 1+ (1))

There is of course a conjugate formula when ¢ < 0.

We write
t+H

(2.62) I=1I(t,H)= [X(u)du.

Here H is a constant, which will ultimately be chosen large enough to
satisfy certain conditions. We shall suppose H > 2.

In the arguments preceding 4. 2 A denotes generally an absolute
positive constant; so also do B;C, ... A few words are necessary as
to the use of 0. The constants implied by the O’s will also be absolute;
but there is a reservation which must be made as to the values of the
variables (¢, 7', ¢, m, m, ...) for which the inequalities symbolised by
the O’s are satisfied. We shall frequently be concerned with inequalities
of the type (e.g.) -

(2.63) |F ()| <f(H)p(?),
and, if we wrote this simply in the form F = O(¢), the constant of the
O would depend upon H. If f(H) is a simple function of H (e. g. H),

it
we meay Wi F=0Hg) (i.e. |F| < AHg),

but sometimes it would be troublesome to maintain this degree of ex-
plicitness. We shall therefore sometimes write

F=0(f(H)yp)

meaning thereby that (2. 63) is satisfied for some form of the function f(H).
The choice of H will always be prior logically to that of the variables
t, T, ... which tend to limits. We shall therefore have

o(f(H)p)~+o(fy(H) @) =o(F(H)g)
if @, = O(p), whatever be the forms of f and f;. We can extend this
principle to O, writing, e.g., ;.
O(TVH)+ O(HVT)= O(TVH)

(since HVT < TVH for T > TO(H }).- But then it must be understood
that the inequalities symbolised by the O’s are only satisfied when 7'
" exceeds a certain value, depending ‘on H alone. As we shall, in such- eases,
be concerned with large values of 7' only, and H is chosen first, there
is mo.inconvenience in this reservation.

¥ TR

2
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From 4.2 onwards 4, B, C, ... denote positive numbers depending
only on the @ of Theorem B, and the constants implied by the O’s depend
upon a only.

2.71. Lemma 11. We have

T
(2.711) f{1@, B)Ydt < AHT (T ~T,=T, H).
0
We note first that it is sufficient to prove
(2.712) Jerar <t (0 <o co =g .
V]
For then
T T ¢ oot
fledt<eje_;—’712'dt< efe_Fledt<AHT (T>1T,.
) ) 0

2.72. We return to the result of Lemma 10, taking
a=1te¢, b=18, 0ZLae<H, O0ZLBLH, a=f.
It follows from (2.52) and Cauchy’s Theorem®) that
t+iw
(2.721) T = 51 f I(s+a) (s +B)¢ (26 +2a)¢ (25 +2b)y—**ds
j-ie
=ine*”"y“+b2 c,H (2iny)+ P,

n=1
where

S=1Vr{l(}+b—a)t(1+2b—2a)y-1+2¢ 4T (34+a—b){(1+2a—2b)y—1+2b}.

2.73. We take

(2.781) y=metd =neiltr—?) (e>0)
and make e—0. It is plain, first that | ®| < f(H) or
(2.732) @ = 0(f(H)).
Next, we write
' }+ie
1
o —g( 4 y [V=strea,
‘ t-ie t-iH §

) If arg y =96, 80 that —} 7 <6 < }x, we have
F(8+a)T(8+b)C(2s+2a)¢(28+20)y~28=0(|t|4e—(x—20)1t]),

80 that the deformation of the contour presents no difficulty.
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292
Here it is only J, that is of importance’). We have plainly
(2.734) J, = O (f(H)).
In J,
T4t e)<dlttel - ’“Ml<A5t+H|“7"e—%~*“+H‘, 1
146 +2z(t—l—a))]<A(t’+1) A
and similarly for the factom involving B; and i
PV Y Dl (¢ < im).

Henece

~-H
(2.735) |, < Af'lt-i-Hr‘}(‘”“ + 1)?e~“l‘+31~%nltldt

< AJ‘ t—l—H]é +1)‘36—‘n¢—%n(t+ﬂ)dt<f(ﬂ)'
We have therefore, from (2.721), (2. 732), (2.733), (2. 734), and (2.735)

1+ie

(2.786)  Jy =50 —zne‘«”"y“”Zc H! 2my)+0(f(H)

4'

2.74. In J, we have ?

y-—‘Zs — n—"}—ﬂite—i(n—Ze)ie(n._-zs)t

r'(s+a)t(2s+2a)= F(4+zt+a))§'(1+2z(t+oc)
L A4 tertmea oo X(ae+20) (140 o),

— At %e —}m(t+a) i(t+a)X(2t—|—20&)(1+ (-t—)>,

I‘(s—}—a)l“(s—’;—b)l,‘(Zs—}—2a)?,‘(2s—|—2b
_1} —at— -&n(a+ﬁ)nau+z(a+ﬂ)X(zf,+2a)X(2t+2}3) (1+0< ))

=At
Since X (2t 2¢) X (26 -+28)=O(f(H) y¢%) and y-2e = O (er=2),
the error term contributes ;g"
0 f(H)ft‘%-‘-’&tdt)zO(f(H)e4%)\ v . ,2
We have therefore ’ E’fé

(2.741) J, = Ae~1rie it Anieth (1 4+ 0(e) )ft Px( 2t+2a)X(2t+2’ﬁ)e-3"£f y

L O(FH) ™),

-2 |« 4¢%0¢ and the Gamma-functions provide a factor ¢~ mlel,

Ay

7) Because | ¥

L

gy r s
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.75. Tuming our attention to the series on the right hand side
of (3 736), we have

[ -l a(a—
imed? = e 27 ﬂ),'

y=melt ") — fg e+ 0(e?), e
yort = yierD = ek d e M (14 O (e),
Yi9g _ A ey tmien (! >”)
H(2iny)= V‘.;y_ie v (1 -0\, )
A ehalampr pmEhre 1
= 0T e (io(h).
(2.751) me”“y‘””‘z ¢, H (2iny)
n=1
-2na
= Tt Paierh (14 0() _>J ' “eomen (140 (1)),
Here we may replace e? ®¢* by 1 —}— O(ns ), since e4n* <14 Ane®
if ne* < A4 and )
- 2nmwe+0ned) 4
e, |® < D mnertrcde *
n{é;'l n i ‘/"1";, ng‘d
Making this simplification, and comparing (2. 736), (2. 741) and (2.7 51),
we obtain
(2.752) (1—|—O(e))ft"*X(zt—l—2a)X(2t+2ﬁ)e—2»tdt+O(f(H)s*h)
0
=(1+0(s))AZc"e- (1ol +ome )) +O(F ().
n=1
Now
cn="’t(ﬁ“a)02;(a -8 (n)=0 d(n))——=0(n%>,
—2nae _.!» _2”'”
e v .
Set=—o0(7)=0(In )=o),
—2nme 1 _opne
PR = O(ne?) =0 (e* Jnie ™) =0(1),
' —Ene S
0(8)20——'——1—*“0( ST e =0(1)
Hence (2.752) may be written in the simpler form
4 e ® —2nne -1
(2.753) fer”‘X(zt+2a)X(2t+zﬂ)e Har—a e, ro(Amet). |
’ n=1
0

¢) Nielsen, loc. cit., p. 154




b d

® H 24
AL [FY -2 '
v e dt] X(2t+2a)de| X(2t428)df =
i' 6[{ oj‘ ¢

case over the interval (0, H).

204 G. H. Hardy and J. E. Littlewood.

2.76. We now integrate (2.753) with respect to « and g, in each
So long as ¢ is positive, the series and
integral are uniformly convergent, and we may invert the orders of inte-

gration and summation. Since
2 t+H)

H
fX(?t+2a)da=%fX(u)du,

124

the left hand side gives

Thus, if we write

(2.761) ~ffc dadf = ffn"“ BNV gadp

din

HH

=S aean= Az(

din'y din Iog

we obtain

-—"’nru:

(2.762) f[* T2, 2H))® dt_AZO ¢ 40

Vn

2.77. We proceed to consider the sum

(2.771)  Cp= O, Cyt ... + O, =
¢>0yy>0,¢u§m

<since %:—x— if n=2oy and d= y) We can write
Y

(.m72) 0.<2(3+ 3).
where 271 is defined by
O<kzxy<Lew, zysm,
andZ; by .
‘1

Here % <k < 1: we shall ultimately take k=1 5.

O<yLtke, zy<my,

2.781. In 271 we use the iﬁequality .
(sin Hu)2 < H®

w

1
sin ( 3 H log;)

. /1
sin
(g ey

)

(<H>s ).

{’}e *!(1(2t,2H))* dt.

o s 9 s gy

5

T
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We obtain

(2.7811) Zlgﬂ‘z( N =ka+1)+ (’-;-"—k:c+1))
1§z£\m \m< <\’im
k

— O(H*m(1 — b))+ O(H*Vm)+ 0 (H mlog )
:—-O<H m100v>+0(H Vm),

when m — co.

2.782. The terms of _\J, we divide into two classes as follows.
Associate with the point (#,y) the square @, , of which two opposite
corners are (x,y) and (x — 1, y+1). In the first class y, we put all
terms (z,y) for which the associated square does not cross the line y — kx;
in the second class y, the terms for which it crosses the line.

It is plain that, if (x,y) belongs to” y,,

1 <“‘ dedy

o) e o)
s<ll

log

P

Hence

when the domain of integration is deﬁned by 0 <L kE < m,
&(n—1)< m, and a fortiors when it is defined by 0 < nLké 8 < 2m.
Transforming to polar coordinates, we obtain

[T am
arctank V c0s0 8in arctank d
[}

2.7821 =
( ) 27(f(]ogta,ne) J.Tdr 2mf cos6smé (logtane)®

k
mf dat = 0 ml
P t(logt) log - k

The number of terms ‘of y, is less than a constant multiple of the

length of the line joining the origin to the point (\/%f—, Vkm), or of Vm.
Hence

(2.7822) D) == 0(H®Vm).
From (2.772), (2.7811), (2.7821), and (2.7822) we obtein
¢, =0(H mlogX) + 0 (&* v—)+o<I )

og %




T
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Taking now k=1 — 7> We obtain ;
(2.783) C,.=O(Hm)+0(HVm)=0(Hm).

[

2.79. We can now complete the proof of Lemma 11. We have, by
(2.783) and partial summation,

= O0(HVm)
n=1 V
and so
C —21].71:8 H

€ ‘“O(Vf)' é
Hence, from (2.762), ;
- b
”"é fﬁf{z”(l(zz,‘zﬂ»"dt:0(£>+0(f(H)s'*)=0(£->, N
J Ve Ve %
J’e—zez(l_(zt,zﬂ))g dt zfe—stt%_t—%e—etladt _ 0(%)1[‘5‘ e_etlgdt = 0(;?) 3

0 0 ¢
This is equivalent to (2. 711); and the lemma follows. ‘

Proof of Theorem A.
2.8. We defined I by
t+H
I=I@ H)=[Xu)du,
12
and we now define I by

=

t+H

I=1(tH)=[|X (u)|du.

'
'

B

4

i

H

¥

i

Y
T

It is plain that I =|I| if there is no zero of X (w) in (¢, H).

If
n(s)=(1—2*"%)¢(s) = 1+2‘“” (6 =1+it),
we have L ’ Y
X (%) [>Al ’“’1}__8 >A[n@)]. =
Hence
t+H t+H
(2.81) ~I>Af|1;(s)|dt>A§qu(s)dt -
i

TR ; i—l)”'l)
—AH'}'A?R( 2 '}"'“Hﬂ)logn zéné“tlogn
—AH P,
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say, where , , ,
Y=0(yp(+H)|+jw®)),

in the notation of 2.4.

We denote by 7' the interval (7, 27) and by U the subset of T
in which
(2.82) I < AH,
A being the same constant as occursin (2.81). Then |¥|>31AH in U,
But, by Lemma 7,

27
[1¥|°dt < BT,
T

B, like 4, being an absolute constant. Hence, if mU is the measure
of U, we have

14°H*mU < BT,
(2. 88) mU < egT,
where eg is a number which tends to zero when H -—oo. Thus
(2.84) I>34AH

if ¢t lies in T and H s sufficiently large, except perhaps in a subset U
of T whose measure is less than egT.
On the other hand, by Lemma 11, we have

2T
fI*dt <CHT.
If then r
(2.85) |I|>3AH (
in a subset ¥V of T, of measure mV, we have

14°H*mY < CHT,

(2.86) m¥V < egT.
Comparing (2.82), (2.85), (2.83) and (2.86), we see that
(2.87) 11<1

throughout all. T' except a subset § of measure less than exT.

2.9. Divide T into {;2—%] pairs of abutting intervals j,, j,, each,
except the last j,, of length H, and each j, lying immediately to the
right of the corresponding j,. Then either j, or j, contains a zero of
X (t), wnless j, consists entirely of points of §. If the second case

oceurs for » 4,’s, we have v H < ¢gT or

v<%a-T.

fe el




208 G. H. Hardy and J. E. Littiewood.

And therefore there are, in 7', at least

1 T T
(&—en)u>1m 4
zeros, if H is sufficiently large; which proves the theorem. 1

3. The approximate funectional equation.

3.1. Lemma 12. Suppose that o is fized, 0 <o <1, t >4,

E> A, and )

(3.11) I=1I(, s);fu—s:i";udu.

Then ’ : {
(3.12) I=ra—o®lepo(57)  (s<dai<,

(3.18) I=1"(1——s):2:%8n+0<tf:___%> (At <&<1), i
(3.14) 1=0(:2) (t<t<At),

(3.15) 1=0(™) (t< At <8), #
and

(3. 16) I=0("°V)

n any case. '

It is sufficient to consider the integral which contains cosu; and we
suppose first that £ >¢. We have

21 =fu-8e""du + [useivdu=1+1",
§ § .
say. In the first place

14 3 5 F ,
I =fu—°e-°‘“+“°““’du =fu—°e‘i"’ du,
y : o

where
w = u -+ tlog u.

Since % and w increase together, we have

u=w
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The real part of I " is

u=w u=3
f“ S COSW £ ffﬂd ($<El)
u=§ 1+“ 1+‘“
u—¥
57 o ” ’
=" fcoswdw (<& )

'
1+ 7 ou=§"’
<
N

=0(&").
The imaginary part may be treated in the same way. Hence, in proving

(3.14) and (3.15), we need only consider I'.
Again

»
-4

{ v piu=t108w) g, =fu—aeiw du
>

. . §

where = et

Since &> ¢,

so that u and w increase together. Hence

U= o
’ Tw
e
u=§ 1 “u
The real part of I is
U= u=$’
_ GOS8 W E-° gi-e n.
s Bl dw="— cos wdw = 0\5=7 (6<&);
1—— 1—2
u &
u=§ u=§
and similarly for the imaginary part. Since
?7"0(1) (6> At>1),

his proves (8. 14) and (8. 15).
N ext, suppose £ <#. Then

=I’(1—s)sin%sn——6fu—’cosudu

i-s8

———ﬂ{zl-—s)sin%wz—(’; cos&———-—l-—jui“smudu
h —8 1
.r t 0

§
1-0
=I"(1—s)sin; sn—{-O(}’: )—I1:§ uwi—¢sinu du.
¢
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Hence, in order to prove (3. 12) and (3. 13), it is enough to prove that
. By
(3.17) 1, mju‘“’ sinudu == O(%_:«‘) ‘E‘%
0 .
Now ‘ ) -
251, = ful—xeiudu — fu"‘ e-ivduy — I, — 11",
0 v
say. In the first place
§ 13
I:=—-“f uluae—i(u-i—tlozu)du::f ul—-ae-iudu,
Y] [} s
where w == %+ tloguw. The real part of I is e
+ g p ) 1 M s,

y=d u -3 ~ ¥

?
j coswdw == ()\:'1”"\ (0- ‘;"\:5);

!
u=0 u=:<

and similarly for the imaginary part. Hence, in proving (3. 17), we may
confine our attention to I;. :
Now
¢ £
I, = [ ul-rgitu-tionw doy = Jut-cesedu,
0 6

where w=u —tlogu. As §<t,

dw t
w=1"v<%

so that w decreases as w increases. The real part of I , is

u=§ u=5 g
g

1—-0 2—0 o
u“"cos"ti w= —%w-i coswdw=0(§-—:g) (0 <& <&).
——— —— %

u=0 * u=€' ég*

The imaginary part may be treated in the same way,
(8.17), and therefore (3. 12) and (3. 13). )
It remains to prove (3.16). If &= t 4 Vii'we have “’?

1—o(f) =0l o v F

and if & <t —V¢ we have e P
20 1_ - 5
I=I’(1—s)sin-12~sn+0(t—§t-:—5)=0<t* )+0(sty) =0V #

j

4
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We may suppose then that ¢ — Vi< &- ¢t --V¢. If &2t we write

¢ IERY] <
.

) O
s LI PR
and if £:-1 we write

:otint
I1=-J
¢ ¢ Lyt
and it is plainly enough to show that

N
\

1 S |
(3.18) S reirdu- 0ler 7 0 VeSSt Vi
t

and this is obvious, since the integrand is O(¢™").

Hence we obtain (3. 18), and the proof of Lemma 12 is completed.

The lemma was stated for positive values of ¢. The corresponding
results when ¢ is negative may be written down at once, by appropriate
changes of # into ¢ .

Lemma 13. The equations (3. 14) and (3. 15) of Lemma 12 hold
for any positive value of o.

In fact, in proving these equations, no use was made of the assumption
that o. 1.

3.2. Lemma 14. If o i fized and

0- o<, >4, y>A, 2axy = ti,
then

s = e g Snet w0+ 0( 17y,
n x <y

gz = (%{_ )hﬁ (22)3‘ "’e:.ﬂ‘ngnt .

This lemma (the ‘approximate functional equation’) is important in
ious parts of the theory of { (8). At present, however, we shall be content

where

. t&g!we it in an 1mperfect form, which follows more naturally from our

previous snalysis and is sufficient for our immediate purpose. We accor-
dingly reserve the proof of Lemma 14 for publication elsewhere, and here
prove ohly
Lemma 15. Under the conditions of Lemma 14,
{(s8) =2n“ + zZn"‘l—f- O({x—"+ {t}é—"y”“‘) log ¢ ).

nz nly
Mathematlsche Zeitschritt. X. 20
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We may plainly suppose £ > 0. We have, by Lemma 1,

x

o
-3 v T
(3.21) (&) T__s — ,3, n-8 = 2(2::)3" _}1, n*'lfu-’cos udu
, =
2z

::2(2:1!8_1(2+ Z + 2)‘_“81“5“8;'“ N

n<By By<a<lcy Cy<n

say, B and C being constants and 0 < B <1< C.
We begin by considering S;. We have

@® o

2(2a)'“‘n"‘1fu—'cosudum — %:: sin2nnx - 28(275)"’1%'*1‘[14“3*‘ sinudu,

eanz 2nnz

o
a7 \sinlnax -1\ :
-=.- N 4-2¢8(2n)° Zn**‘ u~ ¢t lsinudu.
“cy<n Cy<n  opaz

8m

The first term here is O (x~"), since 2 fin 2}195 is boundedly con-

vergent. The second is

ol v ) - o5 ot

Cy<n
by (3.15) and Lemma 13. Hence

(3.22) 8,=0(z). |
Next, we have, by (8.12),

(8.23) 8, 2(2x)"'I'(1 —¢)sinlen D ne=t + 8 = 8, + 87,

n< By
where
" 1-0 1—-o
3.24) 8'=0(Yn1C2 ) _0(¥2 ) = 0(z).
n< By '

From (3.23) and (3.24) we deduce
(8.25) 8, + 8, =8,+ 0(z-°).
It remains to discuss §,.

3.3. We have _ .
(3.31) 8, m'z(zn)‘”’Zn«—lfuwoosud&

ByLnSCY tnns

—2(22)""( + 3 + )
{"i Byndy-4 y-4XnSy+d y+4A<nL0y

77

=8+ 8y + 8,

L
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say. By (3.16),
2 39 "ol \7? a1 ) 7 [d=0 g0t
13.321) 8, ""‘0\ —_ T Hnx) V= 02— 0 ¥y
y-A<aly~4 Y

Secondly, by (3. 14),
(3.322) 8V=0( V]

\ - no-t
yrd-n<Cy
, | N

=0 » N we—y' 0@ "logy) -0z "logt).

vy A nlCy

(nayt—e N
2nxxr--t

Finally, by (3.13)

(8.823) S3= 2(22)" ' I'(1—s)sin}sn D

P = n‘“l—}‘S;_g‘" S;,x‘“{“ S:’:
where BrSncy-s
' oy (n@)¥°
(3.824) Sy0 = O( 2 n lmi)
By<a<y-4

- (?E__J/ Vo PN ot ylope
- t — y—n ) t

From (3.21), (3.25), (3.31), (3. 321), (3. 822), (3.323) and (

O(z-"logt).

.32 3. 824,
we deduce
(8.33) C(8)T_, = Nn-r— 8181 ,-+ 0z logt) 0"y 1,
n<lz
=2(27)"7' (1 —s)sin}sn N ne-1-1 Oz~ logt) + 0 (¢! yo-1).
nly~4
Now
1= {o~o
f__;zo(f‘t )mom—a), 2(27)" (1 - 8)sin } o — z(1+0(;)),

10(3) 3 nei= 0@ gy = 08 "y,

ny—4

and we may plainly replace n < z and n < y — 4 by n <z and n - y.
we obtain the result of Lemma 15.

,,—u
gy

TR At
AP

;! . . T4V

- 4. Discussion of f I'at.
Lemms 16. If A<T<T, 0<t<T, O<7<T then

. i .
) (ii‘n) | f (L) at—o0 (J-T)
S

103 ?

20*
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The integral is

7 g
j=-—j evdt,
T ;
where i

w=(t+ 7)(logt — 1 — logé),

The real part of j is

u=1" u=T"
f__cos“’ —dw = - -11, - j coswdw —= 0( 1T> (T<T'<T,

~ log£+v’ log = -, log =
u=T IR N T &

and similarly for the imaginary part.
Lemma 17. If ¢t vs positive

X(t) =60+ 6+ 0(t togt),

e 3t —
- aVif ot Y i -3 —it ot
‘9—"(‘2“> (a) e X » T=Vgg»

nlr

where

R

and © is the conjugate of ©.
Taking 0 =3, ==y =1 in Lemma 15, we obtain

t g t(grig =i G) e S o0 gy,
n<lz ,
But, by (2.61), ‘

L RO IR R |

Substituting in (4.12), and observing that

0(%)2n‘5'= O(t“ji) = O(t'ilogt),
nlz

we obtain the result of the lemma.
4.2, We suppose now that

(4.21) i1<a<b
and, for the present, that '
(4.22) b

e

I
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that
(4.23) T~ U .~ T
and
(4.24) 0.<H<T

where ¢ = c(a) is a positive constant which will be chosen small enough
to satisfy a number of conditions appearing in the sequel: and that

T-U
(4.25) J  JT.0)- [I'dt,
p.
where
rt-H
(4.26) I=1I(t, H)=[X(wdu.
t

From this point onwards 4, B, C, ... and the constants of the O’s depend
upon @ only.

We shall now prove

Lemma 18. If T* < U - T, where a>1, and 0<H-.T°,
where ¢ is positive and sufficrently small, then
T+U

2 — U
J:JI dt=V3a HU 40, )
T
Suppose that 0 <ae < H, 0 X BLH. Then
X (¢t +a) = Out Oe + 0 (474 logt),

where O, is obtained from © by writing £+ « in the place of ¢{. Since
Vid+«— Vt=o0(1), we may replace the limits of summation in 6, by

n<1. Also
t+ o ;i(t+a)_ t\Fieta o o2
(o =) e <1+0 (a))
and the contribution of the error term here to 6, is
0(:‘; t") =0(t"%),

if ¢ is small enough. Hence

(4.27) . X(t4«)= P+ Pt O (¢ ¥ logt),

where .

(4" 28) a-'__: - <%>} (‘i’é)ézu*‘a)e‘!i“'%"izn—-i“i(H-u);
nr
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and
(4.29) X(t+a) X(t+4B) = Pu Dy + Po Py + Pu Pyt D By

+0<t”“0gt!2n d “‘*“’;)JrO(ri"logtZn—z—mfm)
n<lzt

+0(t7 (logt)")=P+P+Q+Q-+R,+Ry+0(t *(logt)*),

say.
4.3. We shall prove first that
T+U \ T+U ' ;
(4.31) i’ledt=O(UT“), a_"ngds.-.—.O(UTjA), !
1

uniformly for 0 <ae < H, 0 KB L H. 1t is sufficient to consider the :
first integral. |

I H

It 7= —1—', we have
- 2

(4.32) Zn—%—ma)—Zn-v‘z-ww:o(l{— L) = 0(T™4), }
n<e n<T VI T4 :
E by (4.22) and (4.23), and so i
R, =0(rtloge| dn-t-ira|) L o(174).
! Hence ' T
T+U T+U

at) + 0 (UT™4).

(4.33) ledt —0 (jruogt | Sn-i-sera
r T anl T

The first term on the right hand side is

T+U T+
O(T‘AJL%;'dt)zo(T‘AVU Tf > )
T+0 r+0

J !2\ dt= 3 = [ () ,
-—UZ _|_0<m2 S )”)

acz” a< T ymn |log ——‘
=0(UlogT)+ O0(T1logT)=0(UlogT),
by Lemma 5, (4.21), and (4 23). Hence ‘
T+7 C
(4.84) T~ f‘Z’dt-_O(T"‘WVUlog'T)—— UT")
<
and (4.31) now follows from (4.33) and (4.34).

But

®) The dash implies as usual that m==n.




who%ge
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4.4. Next we prove that

T+U r+U

(4.41) Tdet:O(UT-A), 1det=0(UT‘A).

It is sufficient to consider the first integral. We begin by replacing
the limits of summation in @, and D4 by limits of the type n -2 T.

By (4.23),
( 2 _Z> o bW i

monlr m,nlT

M0<T-A L_}Jm Loitiw > +0< -4 Vn"é i(tm’)l>+ 0(T4).
m<T n(d‘ (

The last term obviously gives rise to an error O(UT ), and the argu-

ment of the last section shows that the same is true of the first two

terms. Hence the change of the limits of summation is irrelevant to the

argument.
Now
T+U ;
i+ Jilatp)
(4. 42) f(he) (X m=b=i = 1=% (mn)™") at
T m,nlT
T+U .
1 | zt+3i(a+p’)
=0 ( Ymn 5f 2nemn dt,)'
m,n<’rv T

If we write 2amn=2¢ and (a4 p)=py, we have 5‘;\{‘T and
0<y<H<T. Hence we may apply Lemma 16, and the infegral on
the right hand side of (4.42) is

1
. 0 (-——lo WTL)'
E o xmn

If m 4 n we have

log g > Log (M) = [log s

and if m =n < T —1 we have

T T T
log Samn log Qamt 2 log—in-'

These results give us upper bounds for all the terms in (4. 42) except
that for which m and n have each their greatest value, and this term

is plainly O (g:l"') We thus obtain
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T+U

—of Y -t 10 19)
J <m,n2/<T\'m1]og%;) (mgxmlog!)+ ( )
xO(gjlogT)qLo(Z%H_ o(y ,7,:)~0(11{)
m<iL ‘;T<m<T 1
=0 (T logT)+ O(logT) + O (T logT) - 0 ”3’0(UT

since U>T* and T = O(VT). We have thus proved (4.41 )-
4.5. From (4.29), (4.31), and (4.41) it follows that
T+U r+~U

(4.51) fX(t+a) X(t+p)dt= f(Q +Q)dt -+ 0(UT *)-

It is clear moreover that, in @ and @, we may modify the limits of
summation in the same way as in P and P. Denoting the modified
g forms of Q and Q by @, and Q,, we have

T~U H H

(4.52) J = fI dt-—fdtffX(t—}—a X(t+ﬂ)d¢cdﬁ

HH T+U
| w [ faaslRerox et maaf ‘

H H T+U . .
J Jawdpf(@+Q)di+o@* uT*)
=J+OHUT ) = J +0(UT™),

say, if ¢ is sufficiently small.
4.6. The value of J is, by (4.28) and (4.29),

H H r+0 1 o
(4.61) szm[J fdccdﬂf({;)} “ 22;)‘% p-te g, — 3+‘bﬂ( > dtj

We begin the discussion of the right hand side by showing that the con-
tribution of the terms for which m == n is O (UT™4).

If m 4 n, write ;:4=e'1 and -2—(05--;3)-—*;’, so that |p | < H. Then

li

T+U iy 2ir) T+T T+T )
[ fﬁ’e“’dt [ l.i_.-_,m ._.iiftw—leutdt—- (“)+og =0 p

Hence the terms in which m = n contribute, when we lntegra,te with

respect to 7, ,
o( Y ol _\=0(TlgT),
malT\Vmn Iog——‘

7 2

C i,

i

T .

e

Voo s
o™

R

v

PRt
Yo

bl e 00 B

e

\’ﬁ:q

.
B A R e

e

itk s s pph e

T

.
‘ﬁ-
iy 1 e ke
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and when we integrate with respect to « and /7,
O(HgVTlogT)::O(UT"A),
if once more ¢ is sufficiently small.
We have therefore, from (4.52) and (4.61),
1 H H 1':1;7 ; \ el 1; UT__A
.3 A 2 v L R
(4.62) J=V2am' N ”fjdadpff\m‘,- dt | =+ O( )
nl T o0 T
1.7. Write
. ! . = "n v.
=an-
Then
HH \
jila—pr _ (sin(} Hlog v} .
ffv d“‘“‘“( jloge ) Vo
&0
say. Also
H ",
v, = 83~7~cm(i}2}qgv) = 2fdﬂlfcos{.1;H5 Eo&v) dH,.
" (lOg v) 0 0 e

Hence, if u—n <1,

H,

H
vV, V¥, - 2delJ.(cos (3 Hylog, !~ cos(} H,log o ;ﬁ-ﬁ))dye.
0

4]

The difference of cosines here is

omo(y) - 0(3).

n
and ,
(4.71) v,—v,=0(L).
We have now, from (4. 62),
o TET ) .
JHOUT 4 =v2z 3 - [ V,dt= (Vea 3 4ven 37 ) =d,4J,,
al T ﬂ<2’* T%Sﬂ<_z

say. The first sum is

of 17 ar )=0(.%,)
WS7an) g 1)? Mg T/

In J, we may replace summation with respect to = by integration with
respect to u, with an error

1 H? 3 -4 —_
E U2 V= = U A
0(1'i$ﬂ<1’“ n ) O(H vr ) 0( T ):
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if ¢ is small enough. Thus

T+U

(4.72) J=V2a]dt (”h T

T

“u % T 0(1'6?1’) ’

T-1

4.8. In (4.72) we may replace T = \/» by 1= \/21 For since

1 —T = O( T ,) the error thus introduced is

JU " ”‘“) O(E'fq”‘) O(loﬁl‘)

if ¢ is small enough. Further, if we write

ot _ 4w %z
) mut ’ w  H’
we obtain
s /1 ¢ \2
sin- Hlog - —
4 2au® | du 2H smx dw,
1lo 2 w
4 g2nu9
pk
where

1 t
=-Hl —.
d 4H ng:m\/T

Thus the integral in (4.72) becomes

T+0 & T+U

(4.73) 2v2nﬂfdtf (o dm—-szan( n0(3))ar

————-n\/2nHU+O(m>.
Finally, from (4.72), and (4.78), we deduce
J=nVERHU+0 (o)

and Lemma 18 is proved, when b =35.

4.9. It is easy now to remove the restriction that b = §.
only that U > T°%, and let

U =T% d=3}(@+3) <@
Then

R

b

PR

B I
S gl it fududfor w o,

i R G T %

4
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if ¢ is small enough, and -

T+(r-0 U,

fl dt=nV2zHU+0(, . *

; log(T+r[/)> 7121HU+0<
T4rU,

lozT)

fo\r r=0,1,2,..., » — 1= [g} — 1. Adding all these equations, we obtain

T+»Uy
Jrai=aveanu ([ vo(0,)=avennv o L),
Also '

TiU

fl dt:O(HU)+O<logT> 0(10;;1')'

T4+» 0,

The sum of the last two equations gives the result required.

6. Proof that Ny(T + U) — No(T)~ KU.

5.1. Lemma 19. If U and H satisfy the conditions of Lemma 18, and
79:4

M:M(z,ﬂ)ztfc(§+iu)du~f1

then
T+U

N = N(T, U):TflMigdt;—O(U).

The proof of this lemma is very similar to that of Lemma 18. As
there, we suppose initially that 5=2 and¢>0. We have, by Lemma 15,
p(tt+a)=C(3+st+ta)—1

_Zm 1 it—ia + <t+ “) Here ei“iZn' $Hittia +‘ O(T—A)

2<m< vy . n<7g
T —-i(¢+a)
where 7, = %*5;5. As in 4.2, we may replace 7, by 7, and <t+“>

by (——t—>_m+a) e~te, Thus

2xwe

. —i{t+a) o , -
p(t+e) = Smimimie o (o) ebrinie Slnmirieie 1 0174,
2§m<r n<e

i+ " .
(1412 T s (7 et Seizesi 024,
e<m<s ' n<lr
‘We have therefore

‘P(t+“)¢(t+ﬁ)=P+Q1+Q2+R+81+S2+S3+S4+W7
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27 ~Yit—ia, —liitrd
P = my e m, 2 ﬂ,

¢ T(t+p)
Ql = ('2 P e)

@, is a sum of the same type as Q,,
t Hf~a) \ 7 —~Llag St . — Y gy 2
R= ()" Ynpisien ny 2T H
8, = 0<T~A!2’m~1}—it—ia ),
8,,8,, 8, are sums of the same type as §,, and
W=o0(1T"").

In the summations every m runs over the range 2 <m < 7 and every n
over the range 1< n < 1.

We write
T+T7 T+U

ijwwa+MM=ﬁP+@+%+R+&+&+&+&+mw
=P Q)+ Q)+ B 80+ S04 80+ 80 4 W

—lai4d Vo ~b—itda, 1 _gi_ip
e 4 /’Zm ¥ “pTe A

Obviously
(5.11) W=o0(Ur4),
and
(5.12) 8,48+ 8+ 8 =0(UT4)
in virtue of the argument of 4.3,
Next-
7+U T+U et
0 1 B t ¢
Q =fQ1 dt = 0(1.)2‘7;;;7” @ ’f(g‘,;;;n-,;) dt
L4 7
T+U

=03 e [l e
and so, by the argument of 4. 4,

(5.18) @+ =0(Ur4),

Thus
T+T

(5.14) J¢(t+a)¢(t+ﬁ)dt=P°+R°+ O(UT“"‘A?.

e
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ot
o

Again
T+U T+U

(521) .R fRdt“‘ 2/ —$+ia _-_lf ” ‘l(/f u)(nj dt

7 2
A_AET_FIEI - R} - R},

=ng My Fng
say. Now

I+

v w:—u) 1
f(lﬂ dt of, n (ny =+ ny),
7 | log 7;‘-’
I

a
2

by the argument of 4.6; and so

(5.22) R;’==0< P y—

=0(TlogT)= O(UT_A).
ny N \/n“ng l logwl

Similarly

T+U T+0

(5.23) P’= det = D m "“m;é‘f"ﬁf(::j) dt
T
=2+ X =P+ P,

my=mg M Fmy

and
(5.24) Pl=of Y - 1 - \=o(Uur.
(m;#:'mg \/th;n;‘log@—“
| My
From (5.14), (5.21), (5.22), (5.23) and (5.24), it follows that
T+U
(5.28)  Jo(t+ Q) p(t+p)dt =P+ R +0(UT™).
5.3. Hence
T+U T+U -
(5.81) N—f,M|"dt=fMMdt
T+U
--fdtf(é'(1 —I—zt—{-—w)—-l)daf (3 —it—ip)—1)dp
.'z'+ H T+U

ﬂ

U
t{¢ (t+¢) duf¢u-+ﬁ ap = fd«fdﬂf¢<r+a>¢u-+ﬁ>dt

of(P +R')dedf+OHUT™)

I
N o%m

I
Lo

JYIf~Fﬁf)dwdﬁ4—0(Uﬂ"‘L
0

if ¢ is sufﬁciently small.
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Now T+U

R 2, nila—p— 1J‘<2n>ﬂﬂ—a)dt,

T+U HH

(5.32) ffHRfdadﬁ fdt” «dp
4 Zlf( G H“’f f%))gdt

logm
1 U U
= 0<2% (log T)g) =0 (logT)'

T+U

P! __mef - fdt- U ymuﬂ

Further

HH
(5.88) [ [ Placap—av FL (RGHREmY_ o)
00

log m

Finally, from (5.25), (5.32) and (5.33), we deduce
N=0(U)

the result of the lemma, when b ==3. This restriction on b may now be
removed just as in 4.9.

5.4. As in 2.8 we write

t+H
I=[|X(u)|du.
Lemma 20. There exists an A such that
I>1H

throughout the interval T = (T T+ U), except in a set S of measure
less than %]

Provided we choose 4 >16, we may suppose H >4, We have
then, by (2. 61)

t+H '
1=() JleG+a+ 0 (D)) an
524 : . t+H
gﬂ: +m)|du+o HTY ) > a%f& —I—w,)duwl) .

— @V E—1+nrm>GE - 1M|).
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Hence, in S,
- M =1 H.

T+U
Since ffM{edt < AU, we must have

7

(LH)mS < AU,

whenece the lemma.

5.5. From Lemma 18 we have

T+U .

(5.51) fl'zdt‘:AHU (H=4).
§

This inequality is sufficient for the deduction of Theorem B. Let S be

the sub-set of T for which |I|>1H. By (5.51),

mg <4l
Now I > |I|, except possibly in § + 8. The measure of § + 8 is less
than ¢z U, where ¢ is a function of H only which tends to zero as
H — oo; and Theorem B follows by the argument used in 2.9 to establish
Theorem A.

6. Remarks on the proof of Theorem B.

6.1. As was observed in 5.5, 'we do not use the full force of
Lemma 18. The complete lemma, however, seems of considerable interest
in itself, and it may prove to be of service in the future. At the moment,
however, we are unable to derive from it any suggestion for a method
for reducing the factor log7" by which Theorem B falls short of what is
doubtless the real truth. It is instructive to examine how our proof
fails to give more, and we add in conclusion some remarks on this and
on related points.

6.2. The 1nequahty (5.51) may be replaced by the more precise

relation —
1 1

(6.21) ll,Tf (at—o(L) +0(g):

Now I:H is the mean of X(u) in ¢ to ¢+ H, and the left hand side
of (6.21) is the mean square of I:H. The equation (6.21) expresses
the fact that the mean of X () diminishes, on the average, in absolute
value as H increases, a fact naturally connected with the presence of
zeros. An equation of this kind is, indeed, the kernel of the proof.

To carry out the details, however, we have to compare I and I.
There is no known direct means of averaging I (as opposed to [ %. Now I
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t+H
is substantially B [|¢ (L 4+ 4u) du. We proceed in our proof by using
the inequality

t+H t+H t+H

(6. 22) tf;é‘idt_z_ tf{dt >R [tdt=H+RM;
t

and we show that, when H > logT’ the mean square of |M| is O(H),
so that M is generally O(VH). This enables us to show that I is

generally greater than } BH, when H is a sufficiently large constant, and
50, since I is generally less than } BH, to deduce our theorem.

But since VH dominates H when H is small, the argument fails
when H is a small constant, and this is the obstacle to further progress.

When H is small, R M is (generally) more important than H. It
might be supposed that the mean square of B| Jfzdt' is greater than
that of I, and that, if we could overcome difficulties of detail, we could
conclude that I is generally greater than I. But unfortunately the
mean square of B|[¢dt], when H is small, is asymptotically one half
that of I, as may be verified from (5.33)). It would appear, then,
that we lose something essential in replacing f [Z|dt by | fedt|. This
does not sound very surprising at first sight. But there is less difference
between the two expressions, or between | X (u)| and B{ (3 4 ¢w), than
might be supposed. If we assume the Riemann hypothesis, and write

N(T)~~—(TlogT (1+1log2m)T)+ R(T),
we have, from (2.61),
Loty ey ‘ 1
c+i=41x@)(1+0())
(;(.12+u)=Aewe”“‘“)1X(t)1(1+o(-})).
Now it is known ‘that R (T)=o0(logT) and it is possible to show that

T
_‘-f;R(t);dt-_—oaogxogT).

"

Thus we should expect that, provided H = o ( Toglog T) I JeE+iu) du{

t+H
would generally be asymptotically equivalent to [|¢ (34 iu)|du.
_— i :

10) It is easily shown that, when H is small,

T [
42‘lsin‘z(%Hlogn)~4fsin“‘(;~Hlogu)éu___nH
n (log m)’ u (logu)”

i ts oo

bt hat SALE oor b ane o o oy
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6.3. We note finally a deduction from Lemma 18 which, though
we are unable to make any use of it, appears very curious.
Let K satisfy the same conditions as H. Then, since

I(¢t, H+ K)=1I(t,H)+-1I(t+ H, K),
we have
T+U T+U T+U

JI1(, H)I(t+H, K)dt=} [I’(¢, H+ K)dt — L [ I°(t, H)d¢t
T T T

T+U

— V[ I’ H,K)dt.
T

Now
T+v . T+U T+H T+U+H
fl"(t +H,K)dt= fz“‘(t, K)dt — ff(t, K)dt +f1?(t, K)dt,
T T T TiU
7+0 ,
f(IQ(t—l- H E)— I’ K)dt=0HEK'T" )= 0(p04),
#

provided ¢ is small enough. Hence
T+U T+U T+U

(10, my10+8,K)81= Hree rrra— e mas
T T

a‘
T+U

— %Tff(t, K)at+0(ply) = Olgog):

by Lemma 18. This is true uniformly for 0 < H LT, 0K LT
when ¢ = ¢(a) is sufficiently small.

(Eingegangen am 14. Oktober 1920.)
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